We apply the Moser iteration method to obtain a pointwise bound on the norm of the second fundamental form from a bound on its L" norm for a complete minimal submanifold in a sphere. As an application we show that a complete minimal submanifold in a sphere with finite total curvature and Ricci curvature bounded away from -oo must be compact. This complements similar results of Osserman and Oliveira in the case the ambient space is the Euclidean and the hyperbolic space respectively.
Introduction
In the theory of minimal surfaces in K 3 , an important role is played by the class of minimal surfaces with finite total Gaussian curvature. One celebrated result concerning such surfaces is THEOREM (Osserman) This result has a generalization to the case when the ambient space is the standard hyperbolic space. In this setting, Oliveira proved THEOREM ( [8] Leung-Fu Cheung and Pui-Fai Leung [2] In this note, we look at a generalization of Osserman's theorem in the case when the ambient space is positively curved. Specifically, we consider the situation where M" is a minimal submanifold sitting in the standard (n + k)-dimensional sphere with analogous curvature assumptions imposed on M". We are interested in understanding what topological effect such curvature assumptions will have on M". To be more precise, we will prove THEOREM 
Suppose Ric(X, X) > 0 (where X is any unit tangent vector). Then there exists a constant C(n) depending only on n such that if f M \A\" dM < C(n) then \A\ is identically equal to zero and M" is totally geodesic.
We remark that Theorem 2 can be used to weaken the compactness assumption in the theorem of Shen and Wang to that of completeness.
Preliminaries
In this section, all the tools needed in the subsequent proofs will be collected.
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Simons' inequality. Consider a minimal submanifold M" immersed in S n+P
and denote by /i" (1 < i,j < n, 1 < or < p) its second fundamental form. Then the following Simons' inequality holds:
where |A| is the length of the second fundamental form of M" (seeChern [3,page41], Berard [l,page49] ). This can be seen by using the computations of Chern on an estimate of J2 Kj &Kj followed by Kato's inequality (see [2] and also Berard [1] ) for the second fundamental form h"j. It follows that 2.2. Isoperimetric-type inequality. Another important ingredient of our proof is the following isoperimetric inequality of Li and Yau [7] : LEMMA 1 (Li and Yau [7] 
where X is any unit tangent vector.
In the next section, we will prove the main result, that is, Theorem 3. This is done by using a technical lemma on the decay of |A|(p) (to be proved in the Appendix using Moser's iteration technique on Simons' inequality while keeping control on the support of test functions) as p escapes compact sets on M. Having done this, the Ricci lower bound estimate shows then that the Ricci curvature of M is positively pinched outside some compact set of M. A modification of Myer's theorem yields subsequently the compactness.
Proof of main theorem
We shall prove in this and the next section the following two theorems which complement a result of Oliveira [8] . 
where B R (q) is a geodesic ball of radius R centered at q e M.
PROOF OF THEOREM 3 (the case n > 3). Our key analytical tool is the following lemma, which will be proved in Appendix via Moser iteration: LEMMA 3. Let M" be a minimal submanifold such that smooth functions supported in geodesic balls of radius r < r (r is independent of the center y) satisfy the generalized Sobolev inequality of Hoffman and Spruck [5] . Then there exist € > 0, c > 0, t > 0, where t < r, such that for each geodesic ball B,(p) CC M, the following holds:
To prove Theorem 3, note that since the Ricci curvatures of M" are greater than or equal to (n -l)/c, by Bishop's theorem, for all r > 0, x e M,
where V K (r) is the volume of a ball with radius r in the space form with constant sectional curvatures equal to K. Now, a theorem of Hoffman and Spruck [5] asserts the existence of a number 9 > 0 depending only on the injectivity radius and the sectional curvature of the ambient use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700008867 [5] An application of Moser iteration 155 space (and hence only on K) such that for any x and r > 0 satisfying V x (r) < 6, a generalized Sobolev inequality holds for Q° functions compactly supported in B r (x). Choosing V K (r) < 0 implies then the existence of the radius r with properties required by Lemma 3. Choosing geodesic balls of M" with radii r < r, we can apply Lemma 3. Fix q e M, since f M \A \" dM < oo, there exists R > 0 such that R > R implies / \A\ n dM<€,
where € is the constant in Lemma 3. Take any B,(p) CC M\B R (q) with t < r; then Lemma 3 implies \A \(p) < ce. Letting e go to zero completes the proof.
• PROOF OF THEOREM 4 (the case n > 3). Applying Lemma 2 to a complete minimal submanifoldM" in 5 n+ '' wehaveRic(X, X) > -( ( « -l)/n)^|A| 2 (whereX isaunit tangent vector of M) and hence we conclude that the integral f B \A \ 2p dM satisfies
JBy(r) JB,(r)
Next choosing p = n -1 in Lemma 1, we have which implies V(r) < Cr" for r < 1, where C := Q/n + Q/(2n -2). We have omitted the subscript y since the estimate is independent of the choice of the center y.
The last inequality and the monotonicity of the volume of geodesic balls together imply that smooth functions supported in subsets of geodesic balls B r (y) satisfy the hypothesis for the Sobolev inequality, provided r < r 0 for some ro > 0. Having established this fact, the rest of the proof is completely analogous to that of Theorem 3 except that for the initial step of Moser iteration one starts with the assumption (see for example (17) in Appendix) f M \A\ 2n~~2 dM < oo instead of f M \A\"dM < oo.
However, from the fact that f M \A \ 2 "~2 dM < oo and V(r) < Cr n , one can conclude
(where q is an arbitrary but fixed point in M), which is all that is needed to move terms involving higher L p norms in inequality (17) of Appendix and other related inequalities to the relevant side in the Moser iteration. The fact (5) follows from our assumption because for r < 1, we have V(r) < Cr" < C, hence
As a conclusion, for B r sitting outside large compact set B R (q), one has We follow Oliveira [8] (the first inequality on page 14 of his paper) and apply the L 1 Sobolev inequality (that is, (3.3) of Oliveira [8] ) to certain class of test functions £ (to be specified later) satisfying the condition supp£ CC B r (p), where r < r with r defined as in the proof of Theorem 4 to get
Combining with the Cauchy-Schwarz inequality on the right-hand-side, this becomes where x = characteristic function of supp £.
On the other hand, Simons' inequality multiplied by £ 2 |A| 9 (where q = 1) and integrated, yields (see [8, (3. 14)]), (6) 
Now we study the terms on the right-hand side of this inequality. First we observe that 
Proof of the two main theorems
Theorem 3 and Theorem 4 when combined with the following lemma will give our main result. 
Appendix (proof of Lemma 3)
The proof of Lemma 3 follows the standard Moser iteration procedure. However, care has to be taken to guarantee that the volumes of the geodesic balls can be bounded uniformly from above by Cr". PROOF (n > 3). In the sequel, we shall occasionally denote \A \ by u. Choose a geodesic ball with radius r and centered at p, by the hypothesis of Lemma 3 all functions on M" supported in B r (p) with r < r (p is arbitrary here!) satisfy the generalized Sobolev inequality of Hoffman and Spruck.
Restricting to functions in C™(B r (p)), we can apply the standard Moser iteration argument to the Simons' inequality to obtain a decay estimate of, |A|(p) (see for example [8] 1^2 and estimating in a standard way (see [8] ):
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